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Overview

‣The modelling process 

‣  Modelling using mathematical optimisation 

‣  Using maths to gain insight into data



The modelling process



The modelling process

Fragni, E., & Gondzio, J. (1999). Optimization modeling languages.

Mathematical
Modelling

It is necessary 
to separate 

‣ model 

‣ data 

‣ solving

Recognition and definition of 
the real problem

Formulation of the 
mathematical problem

Collection of data

Optimisation of the model

Analysis of solution

Data
Modelling

Solve: 
Algorithms +
Computation

Task



Modelling using 
mathematical optimisation



Optimisation: make optimal  
decisions

• Examples: 

• Which way? 

• Find the shortest path between two points in a network. 

• How many? 

• Allocate the best people to the right job. 

• Where do we focus? 

• Communicate with the most appropriate demographic.



Optimisation problems in 
power systems

•Which way? 

• unit commitment - minimise cost of generating power 

• optimal power flow - while considering real-world operations 
and physics 

•How many? 

• infrastructure investment planning - maximise welfare 

•Where do we focus? 

• state estimation - find most likely state of a system (e.g. a grid) 
to explain a set of measurements subject to measurement error
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Why mathematical 
optimisation?

• Without structure, the best approach to solve an 
optimisation problem is to enumerate all candidate solutions 

• evaluate, score, compare, pick best 

• With - mathematical - structure, things can ‘simplify’ a lot 
and apply specialised algorithms 

• When we are precise, we can reason



Optimisation problems  
(in the abstract)

• minimise cost (function) 

• subject to  

• mathematical models for entities  

• laws of physics 

• safe operation 

• financial budgets 

• resource constraints 

• technological envelopes

objective

constraint set:  
Describe the situation using 
equations and inequalities 

using linear and nonlinear 
functions



Mathematical structure

• linear  

• polynomial 

• set membership 

• integer 

• logical conditions
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I. INTRODUCTION

Focus on radial grids
Taylor - convex optimization in power systems
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Network elements connect nodes in the same domain and are generally bidirectional
Network interfaces are bidirectional (but can be restricted) and connect PN flows with network nodes in any network domain
Flows in PNs are always unidirectional

LP ⇢ QP ⇢ CQCP ⇢ SOCP ⇢ SDP
$ %& '

convex

⇢ NCQCP ⇢ NLP
$ %& '

nonconvex

LP ⇢ SOCP ⇢ SDP$ %& '
convex

⇢ NCQCP ⇢ NLP
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nonconvex

IP ⇢ NCQCP

x
2 = x () x 2 { 0, 1}

Convex can only deal with linear equality constraints!
NCQCP includes mixed integer
PQ

PV

✓ or V ✓
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H. Cones
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Rp
+ = { x ! Rp | xk " 0, k = 1 , . . . , p} nonnegative orthant (1133)

Qp = { (x0, x1) ! R # Rp! 1 | $x1$2 % x0} second-order cone (1134)

Hp = { A ! C(p" p) | A = A H } Hermitian matrices (1135)

Sp
+ = { A ! Hp | xT A x " 0 for all x ! Cp} positive semideÞnite cone (1136)

Sp
++ = { A ! Hp | xT A x > 0 for all x ! Cp} positive deÞnite cone (1137)

Sp
+ = { x ! Rp(p+1) / 2 | mat(x) & 0} positive semideÞnite cone (1138)

Sp
++ = { x ! Rp(p+1) / 2 | mat(x) ' 0} positive deÞnite cone (1139)

List of symmetric cones:
http://www.seas.ucla.edu/# vandenbe/236C/lectures/symmetric.pdf
Second-order cone
PSD cone of Hermitian matrices: reals, complex, quaternion
3x3 PSD octonion
Cartesian products of these primitive cones
Eigenvalue decomposition of PSD matrix:

mat(x) =
p!

i =1

! i vi vT
i (1140)

qi = vec(vi vT
i ) (1141)

I. Canonical Form

Generalized inequalities

x &K 0 (1142)

min cT x (1143)

s. t . Ax = b (1144)

x ! K x ! Rp (1145)

J. Reformulation SDP as SOCP

[28] [29] [30]

X = xx T (1146)

Y =
"

1 xT

x X

#
& 0 (1147)

rank Y = 1 (1148)

(1149)

1) Type 1:

X = xx T & 0 (1150)

C ! Sp
+ (1151)

C
$
X = xx T %

& 0 (1152)

xT Cx ( CX ) 0 (1153)
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1) Type 1:

X = xx
T ⌫ 0 (1285)

C 2 S
n

+ (1286)
C
�
X = xx

T
�

⌫ 0 (1287)
x

T
Cx � CX � 0 (1288)

2) Type 2: Sylvester’s criterion for Hermitian matrices
a Hermitian matrix M is positive-semidefinite if and only if all principal minors of M are nonnegative

Each principal 2 ⇥ 2 matrix is PSD


a b

c d

�
⌫ 0 (1289)

() (1290)
ad � bc � 0 (1291)

K. Example Parrilo
Parrilo see file FoCM.pdf

Joachim Dahl see file informs-sdp.pdf
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L. Rank Minimization Heuristics
[37]–[41] [42] [43] [44]

M. SDP relaxation of optimization problems with binary constraints
[45]

N. Moment relaxation
[46] [10], [47], [48]

O. Rank calculation
Singluar value decomposition

Rank is number of singluar values that are larger than 0, or larger than a tolerance

A 2 C
(m⇥n) (1299)

U 2 C
(m⇥m) (1300)

⌃ 2 C
(m⇥n) (1301)

⌃ = diag(�), �n � 0 (1302)
V 2 C

(n⇥n) (1303)
A = U⌃V

⇤ (1304)
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KVL and Minimum Losses in AC Grids

min f(I1, I2) = |Z1||I1|2 + |Z2||I2|2 (1315)

s. t. I = I1 + I2 (1316)

The Langrangian is

L(I1, I2, �) = |Z1||I1|2 + |Z2||I2|2 + �(I1 + I2 � I) (1317)

A necessary condition for optimality is

rI1,I2,�L(I1, I2, �) =

✓
@L
@I1

,
@L
@I2

,
@L
@�

◆
= 0 (1318)

However, the partial derivaties w.r.t.I1, I2 are not deÞned because|x| is not a holomorphic function [?].
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Now KVL is derived and the system can be solved

� 2
�
rl,s[k]P

ij,s[k] + xl,s[k]Q
ij,s[k]

�
+

�
rl,s[k]2 + xl,s[k]2

�
I

2
l,s[k]

� (I2R2) = 0

U. Probabilstic voltage constraint
U

min
i

[k]  U
min,prob
i

[k]  U
max
i

[k]
U

min
i

[k] = 0.85
U

min,prob
i

[k] = 0.90
U

max
i

[k] = 1.10

Pr

⇣
U

min,prob
i

[k]  U
i
[k]  U

max
i

[k]
⌘

� 1 � 0.05

Pr
�
U

min
i

[k]  U
i
[k]  U

max
i

[k]
�

= 1
(x � 2 ^ y = 1) _ (x  y  2)
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Sets

R Set of real numbers
C Set of complex numbers
N Set of natural numbers
{ 0, 1} Set of binary numbers
Hn Set of Hermitian matrices of dimensionn (square)
R(m ! n ) Set of real rectangular matrices
C(m ! n ) Set of complex rectangular matrices
Rn

+ Nonnegative orthant of dimensionn
Qn Second-order cone of dimensionn
Sn

+ Cone of positive semideÞnite matrices of dimensionn (square)
Sn

++ Cone of positive deÞnite matrices of dimensionn (square)

Symbol style

U Scalar variable
u Squared scalar variable (sometimes)
U Matrix variable
u Squared matrix variable (sometimes)



Mathematical optimisation

• decision variables (vector):   

• functions (vector operations):  

• Their nature and type is fundamentally important 

• The number of constraints and variables is typically a finite 
set:

1

Unbalanced OPF

I. UNBALANCED PHYSICAL AC GRID ELEMENTS

A. Introduction
Power flow in radial grids
unbalanced rectangular power flow [?], [?], [?]
unbalanced optimal power flow [?], [?]
unbalanced transformer models [?], [?], [?], [?], [?]
unbalanced optimal power flow [?]
5⇥ 5 unbalanced power flow [?]
Carson’s equation - include the neutral conductor impedance [?]
Kron’s reduction - to reduce the 4⇥ 4 impedance matrix to 3⇥ 3 [?]
Radial distribution test feeders [?]
Penalization approach SDP balanced [?]
Matrix completion / chordal extension [?] or see section III.B of [?].

B. Parameters
H

n ⇢ C
(n⇥n)

Conductors N = {u, v, w, n}
Phases P = {u, v, w}
Phase-to-neutrals P ⇥ n = {un, vn,wn}
Phase-to-phase P ⇥ P = {uu, uv, vu, vv, wv, vw,ww,wu, uw}
Let �ij ✓ P denote the phases of grid element ij
Let �i ✓ P denote the phases of node i
Note that �i ◆ �ij = �j , from i to j.
Define U

i
:= [Ui,�]�2�i

Define I
i
:= [Ii,�]�2�i

min f(x) (1)
s. t. gi(x)  0 (2)

hj(x) = 0 (3)
x 2 R

n (4)
i 2 {1, . . . ,m} (5)
j 2 {1, . . . , l} (6)
f, gi, hj : R

n ! R (7)

U
i

uv =


U
i,un

U
i,vn

�
2 C

(2⇥1) (8)

U
i

uvw =

2

4
U
i,un

U
i,vn

0

3

5 2 C
(3⇥1) (9)

Define I
ij
:= [Iij,�]�2�ij

Series impedance is defined as:

zl,s = rl,s + j ·xl,s =

2

4
zij,s,uu zij,s,uv zij,s,uw
zij,s,vu zij,s,vv zij,s,vw
zij,s,wu zij,s,wv zij,s,ww

3

5 2 C
(3⇥3) (10)


zij,s,uu zij,s,uv
zij,s,vu zij,s,vv

�
(11)

2

4
zij,s,uu zij,s,uv 0
zij,s,vu zij,s,vv 0

0 0 0

3

5 (12)
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Example: the National Electricity Market

14

• “Big question”: 

• What is the best set of 
representative lines to make 
a network “backbone”? 

• Sets 

• The set of connected 
locations in the network 
(electricity transmission 
substations). 

• The set of all possible lines 
between the connected 
locations.



Example: the National Electricity Market

15

• Objective: 

• Minimise the total length of 
the network. 

• Constraints 

• The network must be joined 
up i.e. not disconnected. 

• We must always join a 
special set of “reference 
nodes”



Mathematical model
• The mathematical structure is 

understood through 

• sets and indices (tuples) 

• parameters (given data) 

• variables (solve for these) 

• constraints (equations and 
inequalities) 

• objective functions (the goal)
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4 Dunning et al.

and error-prone exercise of implementing code to evaluate them byhand, even when
providing them could reduce the solution time.

In both the linear and nonlinear cases, the role of a modeling languageis to
accept closed-form algebraic expressions as user input and transparently generate the
required input to the solver, handling any low-level details of communicating with
the solver, either via a callable library or by exchanging specially formatted Þles. For
linear and quadratic problems, the input data are the vectors and sparse matrices
previously discussed. For nonlinear problems, the most complex part of the input
to solvers is the routines for evaluating derivatives of the user-provided expressions.
An alternative to using AMLs for nonlinear optimization is to use general-purpose
automatic differentiation tools which can be used to evaluate derivatives of code, an
option which will be further discussed in Section5.

While the computational efficiency of an AMLÕs translation of user input into
solver input is something that can be empirically measured, we must note that the
intrinsic usefulness of an AML is derived from how ÒnaturallyÓ the original mathemat-
ical statement can be translated into code. This is a more subjective proposition, so
in Figure 2 we present the formulation in JuMP, AMPL, Pyomo and GAMS of a min-
imum cost ßow problem as a linear program (see, e.g., [11]) over a graphG = ( V,E):

(2.3)

! min
x

∑

(i,j)∈E

ci,jxi,j

! s.t.
∑

(i,j)∈E

xi,j =
∑

(j,k)∈E

xj,k ∀j ∈ V \ {1, n}

!

∑

(i,n)∈E

xi,n = 1

! 0≤ xi,j ≤ Ci,j ∀(i, j) ∈ E

The four AMLs share much in common: all involve declaring a set of variables indexed
by the set of edges, all have a line for setting the objective function, and all have
methods for iterating over a set (V \{1, n}) and taking a sum over variables subject to
some condition. Of the four, JuMP and AMPL are perhaps the most similar, although
JuMP beneÞts from being embedded in a full programming language, allowing us to
deÞne an Edge type that stores the problem data in a succinct and intuitive fashion.
Pyomo is also embedded in a programming language, but as Python doesnÕt have the
same syntactic macro functionality as Julia, some things are more uncomfortable than
is ideal (setting the variable upper bounds, indexed constraint construction). Finally
GAMS has perhaps the most verbose and idiosyncratic syntax, withfeatures like set
Þltering with the $ character that are not commonly found in either programming
or modeling languages. Our main claim is that JuMP is a ÒnaturalÓ and easy-to-use
modeling language, and for the rest of this paper will instead focus on the technical
details that allow it to be efficient and to enable unique features not found in other
AMLs.

The tasks that an AML must perform can be roughly divided into two simple
categories: Þrst, to load the userÕs input into memory, and second, to generate the
input required by the solver, according to the class of the problem. For both of
these tasks, we have made some unorthodox design decisions in JuMP in order to
achieve good performance under the constraints of being embedded within a high-
level language. We will review these in the following sections.

Dunning, I., Huchette, J., & Lubin, M. (2015). 
JuMP: a modeling language for 

mathematical optimization, 1–21. Retrieved 
from http://arxiv.org/abs/1508.01982

http://arxiv.org/abs/1508.01982


Mathematical model of a 
flow problem

17

4 Dunning et al.

and error-prone exercise of implementing code to evaluate them byhand, even when
providing them could reduce the solution time.

In both the linear and nonlinear cases, the role of a modeling languageis to
accept closed-form algebraic expressions as user input and transparently generate the
required input to the solver, handling any low-level details of communicating with
the solver, either via a callable library or by exchanging specially formatted Þles. For
linear and quadratic problems, the input data are the vectors and sparse matrices
previously discussed. For nonlinear problems, the most complex part of the input
to solvers is the routines for evaluating derivatives of the user-provided expressions.
An alternative to using AMLs for nonlinear optimization is to use general-purpose
automatic differentiation tools which can be used to evaluate derivatives of code, an
option which will be further discussed in Section5.

While the computational efficiency of an AMLÕs translation of user input into
solver input is something that can be empirically measured, we must note that the
intrinsic usefulness of an AML is derived from how ÒnaturallyÓ the original mathemat-
ical statement can be translated into code. This is a more subjective proposition, so
in Figure 2 we present the formulation in JuMP, AMPL, Pyomo and GAMS of a min-
imum cost ßow problem as a linear program (see, e.g., [11]) over a graphG = ( V,E):

(2.3)

! min
x

∑

(i,j)∈E

ci,jxi,j

! s.t.
∑

(i,j)∈E

xi,j =
∑

(j,k)∈E

xj,k ∀j ∈ V \ {1, n}

!

∑

(i,n)∈E

xi,n = 1

! 0≤ xi,j ≤ Ci,j ∀(i, j) ∈ E

The four AMLs share much in common: all involve declaring a set of variables indexed
by the set of edges, all have a line for setting the objective function, and all have
methods for iterating over a set (V \{1, n}) and taking a sum over variables subject to
some condition. Of the four, JuMP and AMPL are perhaps the most similar, although
JuMP beneÞts from being embedded in a full programming language, allowing us to
deÞne an Edge type that stores the problem data in a succinct and intuitive fashion.
Pyomo is also embedded in a programming language, but as Python doesnÕt have the
same syntactic macro functionality as Julia, some things are more uncomfortable than
is ideal (setting the variable upper bounds, indexed constraint construction). Finally
GAMS has perhaps the most verbose and idiosyncratic syntax, withfeatures like set
Þltering with the $ character that are not commonly found in either programming
or modeling languages. Our main claim is that JuMP is a ÒnaturalÓ and easy-to-use
modeling language, and for the rest of this paper will instead focus on the technical
details that allow it to be efficient and to enable unique features not found in other
AMLs.

The tasks that an AML must perform can be roughly divided into two simple
categories: Þrst, to load the userÕs input into memory, and second, to generate the
input required by the solver, according to the class of the problem. For both of
these tasks, we have made some unorthodox design decisions in JuMP in order to
achieve good performance under the constraints of being embedded within a high-
level language. We will review these in the following sections.

Dunning, I., Huchette, J., & Lubin, M. (2015). 
JuMP: a modeling language for 

mathematical optimization, 1–21. Retrieved 
from http://arxiv.org/abs/1508.01982

• Minimum cost flow problem 

• over a network graph  
G = (V, E) = (vertices, edges) 

• V = {1,2, …n} (vertices) 

• Flow source at vertex 1 

• Flow sink at vertex n

http://arxiv.org/abs/1508.01982
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The modelling process

Fragni, E., & Gondzio, J. (1999). Optimization modeling languages.

Mathematical
Modelling

It is necessary 
to separate 

‣ model 

‣ data 

‣ solving

Recognition and definition of 
the real problem

Formulation of the 
mathematical problem

Collection of data

Optimisation of the model

Analysis of solution

Data
Modelling

Solve: 
Algorithms +
Computation

Task
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AEMO Market Modelling 
Methodologies, page 17…

“The regional demand time series fed into the DLT is fitted with a 
step function so that the total number of simulation periods per 
day is reduced from twenty-four hours to an appropriate number 
of load blocks. These load blocks are created using a weighted 
least-square fit method which performs an optimisation that 
minimises the sum of squared errors (i.e. the square of the 
difference between the hourly demand fed into the model and the 
step function approximation). The weighted least square approach 
has the advantage of fitting the step function more tightly to the 
original demand time series – allocating more blocks to higher 
load periods and less to periods of low demand. The duration of 
each block can therefore vary depending on how the underlying 
intervals are grouped together. “



Global electricity generation by technology 
 2 degrees scenario (GenCost report)
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Learning curves

Unit 
Cost

Cumulative experience

Cumulative 
Cost

Cost

f (x) = x! b
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F (x) =
1

1� b
x1�b
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F(x) = ∫ f(x) dx



Step function approximation to unit cost curve



Notice that in the case of learning curves,

 the vertical spacing is uniform.
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The unsure learning curve
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h(c) = ac! b

<latexit sha1_base64="m5gwh4ys3brQW9xLhq6BsJaEbSA=">AAACB3icbVDLSsNAFJ3UV42vqEtBBkuhLiyJCLoRim5cVrAPaGOZTCft0MkkzEykJXTnxl9x40IRt/6CO//GSZqFth4YOPece7lzjxcxKpVtfxuFpeWV1bXiurmxubW9Y+3uNWUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6Tlja5Tv/VAhKQhv1OTiLgBGnDqU4yUlnrWYXlQGR/DSzi+T068qTms4LRCEGd1zyrZVTsDXCROTkogR71nfXX7IY4DwhVmSMqOY0fKTZBQFDMyNbuxJBHCIzQgHU05Coh0k+yOKSxrpQ/9UOjHFczU3xMJCqScBJ7uDJAaynkvFf/zOrHyL9yE8ihWhOPZIj9mUIUwDQX2qSBYsYkmCAuq/wrxEAmElY7O1CE48ycvkuZp1bGrzu1ZqXaVx1EEB+AIVIADzkEN3IA6aAAMHsEzeAVvxpPxYrwbH7PWgpHP7IM/MD5/AF3UlnI=</latexit><latexit sha1_base64="m5gwh4ys3brQW9xLhq6BsJaEbSA=">AAACB3icbVDLSsNAFJ3UV42vqEtBBkuhLiyJCLoRim5cVrAPaGOZTCft0MkkzEykJXTnxl9x40IRt/6CO//GSZqFth4YOPece7lzjxcxKpVtfxuFpeWV1bXiurmxubW9Y+3uNWUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6Tlja5Tv/VAhKQhv1OTiLgBGnDqU4yUlnrWYXlQGR/DSzi+T068qTms4LRCEGd1zyrZVTsDXCROTkogR71nfXX7IY4DwhVmSMqOY0fKTZBQFDMyNbuxJBHCIzQgHU05Coh0k+yOKSxrpQ/9UOjHFczU3xMJCqScBJ7uDJAaynkvFf/zOrHyL9yE8ihWhOPZIj9mUIUwDQX2qSBYsYkmCAuq/wrxEAmElY7O1CE48ycvkuZp1bGrzu1ZqXaVx1EEB+AIVIADzkEN3IA6aAAMHsEzeAVvxpPxYrwbH7PWgpHP7IM/MD5/AF3UlnI=</latexit><latexit sha1_base64="m5gwh4ys3brQW9xLhq6BsJaEbSA=">AAACB3icbVDLSsNAFJ3UV42vqEtBBkuhLiyJCLoRim5cVrAPaGOZTCft0MkkzEykJXTnxl9x40IRt/6CO//GSZqFth4YOPece7lzjxcxKpVtfxuFpeWV1bXiurmxubW9Y+3uNWUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6Tlja5Tv/VAhKQhv1OTiLgBGnDqU4yUlnrWYXlQGR/DSzi+T068qTms4LRCEGd1zyrZVTsDXCROTkogR71nfXX7IY4DwhVmSMqOY0fKTZBQFDMyNbuxJBHCIzQgHU05Coh0k+yOKSxrpQ/9UOjHFczU3xMJCqScBJ7uDJAaynkvFf/zOrHyL9yE8ihWhOPZIj9mUIUwDQX2qSBYsYkmCAuq/wrxEAmElY7O1CE48ycvkuZp1bGrzu1ZqXaVx1EEB+AIVIADzkEN3IA6aAAMHsEzeAVvxpPxYrwbH7PWgpHP7IM/MD5/AF3UlnI=</latexit><latexit sha1_base64="m5gwh4ys3brQW9xLhq6BsJaEbSA=">AAACB3icbVDLSsNAFJ3UV42vqEtBBkuhLiyJCLoRim5cVrAPaGOZTCft0MkkzEykJXTnxl9x40IRt/6CO//GSZqFth4YOPece7lzjxcxKpVtfxuFpeWV1bXiurmxubW9Y+3uNWUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6Tlja5Tv/VAhKQhv1OTiLgBGnDqU4yUlnrWYXlQGR/DSzi+T068qTms4LRCEGd1zyrZVTsDXCROTkogR71nfXX7IY4DwhVmSMqOY0fKTZBQFDMyNbuxJBHCIzQgHU05Coh0k+yOKSxrpQ/9UOjHFczU3xMJCqScBJ7uDJAaynkvFf/zOrHyL9yE8ihWhOPZIj9mUIUwDQX2qSBYsYkmCAuq/wrxEAmElY7O1CE48ycvkuZp1bGrzu1ZqXaVx1EEB+AIVIADzkEN3IA6aAAMHsEzeAVvxpPxYrwbH7PWgpHP7IM/MD5/AF3UlnI=</latexit>

h(c) = a
<latexit sha1_base64="j5V7HjIUW/jSIlleQp4tpuAhjVs=">AAACEXicbVDLSsNAFJ3UV42vqEs3g6UQF5ZEBN0IRTcuK9gHtLFMppN26GQSZibSEvoLbvwVNy4UcevOnX/jpI2grQcGzj3nXu7c48eMSuU4X0ZhaXllda24bm5sbm3vWLt7DRklApM6jlgkWj6ShFFO6ooqRlqxICj0GWn6w6vMb94TIWnEb9U4Jl6I+pwGFCOlpa5ll/v26AhewNFdeuxPzPLAxlmJIJ4JP3XXKjkVZwq4SNyclECOWtf67PQinISEK8yQlG3XiZWXIqEoZmRidhJJYoSHqE/amnIUEuml04smsKyVHgwioR9XcKr+nkhRKOU49HVniNRAznuZ+J/XTlRw7qWUx4kiHM8WBQmDKoJZPLBHBcGKjTVBWFD9V4gHSCCsdIimDsGdP3mRNE4qrlNxb05L1cs8jiI4AIfABi44A1VwDWqgDjB4AE/gBbwaj8az8Wa8z1oLRj6zD/7A+PgGdciY/w==</latexit><latexit sha1_base64="j5V7HjIUW/jSIlleQp4tpuAhjVs=">AAACEXicbVDLSsNAFJ3UV42vqEs3g6UQF5ZEBN0IRTcuK9gHtLFMppN26GQSZibSEvoLbvwVNy4UcevOnX/jpI2grQcGzj3nXu7c48eMSuU4X0ZhaXllda24bm5sbm3vWLt7DRklApM6jlgkWj6ShFFO6ooqRlqxICj0GWn6w6vMb94TIWnEb9U4Jl6I+pwGFCOlpa5ll/v26AhewNFdeuxPzPLAxlmJIJ4JP3XXKjkVZwq4SNyclECOWtf67PQinISEK8yQlG3XiZWXIqEoZmRidhJJYoSHqE/amnIUEuml04smsKyVHgwioR9XcKr+nkhRKOU49HVniNRAznuZ+J/XTlRw7qWUx4kiHM8WBQmDKoJZPLBHBcGKjTVBWFD9V4gHSCCsdIimDsGdP3mRNE4qrlNxb05L1cs8jiI4AIfABi44A1VwDWqgDjB4AE/gBbwaj8az8Wa8z1oLRj6zD/7A+PgGdciY/w==</latexit><latexit sha1_base64="j5V7HjIUW/jSIlleQp4tpuAhjVs=">AAACEXicbVDLSsNAFJ3UV42vqEs3g6UQF5ZEBN0IRTcuK9gHtLFMppN26GQSZibSEvoLbvwVNy4UcevOnX/jpI2grQcGzj3nXu7c48eMSuU4X0ZhaXllda24bm5sbm3vWLt7DRklApM6jlgkWj6ShFFO6ooqRlqxICj0GWn6w6vMb94TIWnEb9U4Jl6I+pwGFCOlpa5ll/v26AhewNFdeuxPzPLAxlmJIJ4JP3XXKjkVZwq4SNyclECOWtf67PQinISEK8yQlG3XiZWXIqEoZmRidhJJYoSHqE/amnIUEuml04smsKyVHgwioR9XcKr+nkhRKOU49HVniNRAznuZ+J/XTlRw7qWUx4kiHM8WBQmDKoJZPLBHBcGKjTVBWFD9V4gHSCCsdIimDsGdP3mRNE4qrlNxb05L1cs8jiI4AIfABi44A1VwDWqgDjB4AE/gBbwaj8az8Wa8z1oLRj6zD/7A+PgGdciY/w==</latexit><latexit sha1_base64="j5V7HjIUW/jSIlleQp4tpuAhjVs=">AAACEXicbVDLSsNAFJ3UV42vqEs3g6UQF5ZEBN0IRTcuK9gHtLFMppN26GQSZibSEvoLbvwVNy4UcevOnX/jpI2grQcGzj3nXu7c48eMSuU4X0ZhaXllda24bm5sbm3vWLt7DRklApM6jlgkWj6ShFFO6ooqRlqxICj0GWn6w6vMb94TIWnEb9U4Jl6I+pwGFCOlpa5ll/v26AhewNFdeuxPzPLAxlmJIJ4JP3XXKjkVZwq4SNyclECOWtf67PQinISEK8yQlG3XiZWXIqEoZmRidhJJYoSHqE/amnIUEuml04smsKyVHgwioR9XcKr+nkhRKOU49HVniNRAznuZ+J/XTlRw7qWUx4kiHM8WBQmDKoJZPLBHBcGKjTVBWFD9V4gHSCCsdIimDsGdP3mRNE4qrlNxb05L1cs8jiI4AIfABi44A1VwDWqgDjB4AE/gBbwaj8az8Wa8z1oLRj6zD/7A+PgGdciY/w==</latexit>

Unit 
Cost

Cumulative experience



Defining the problem

What is the optimal choice of breakpoints or knots 
within an interval                     for constructing a 
piecewise-linear approximation to any given function?


For a given fixed N, how do we chose the N knots

that achieves a piecewise-linear interpolation that is 
‘as close as possible’?

xmin < t 1 ! t2 á á á! tN < x max
<latexit sha1_base64="f/NJ4gXYh/Y85OYQbLXZcnq9COE="></latexit><latexit sha1_base64="f/NJ4gXYh/Y85OYQbLXZcnq9COE="></latexit><latexit sha1_base64="f/NJ4gXYh/Y85OYQbLXZcnq9COE="></latexit><latexit sha1_base64="f/NJ4gXYh/Y85OYQbLXZcnq9COE="></latexit>

[xmin, xmax]
<latexit sha1_base64="EuFBLAHV5uHORc1D8IbRdxumsIE="></latexit><latexit sha1_base64="EuFBLAHV5uHORc1D8IbRdxumsIE="></latexit><latexit sha1_base64="EuFBLAHV5uHORc1D8IbRdxumsIE="></latexit><latexit sha1_base64="EuFBLAHV5uHORc1D8IbRdxumsIE="></latexit>



An excellent guide to 
 linear approximation

de Boor, C., Good approximation by splines with variable knots , ISNM Vol.21, 
Spline functions and Approximation Theory, Birkhauser Verlag, Basel, 1973, 57–72. 

We can best approximate a function f by linear 
pieces if we choose the N knots 


so as to make each integral


(approximately) the same for each i. 

Z ti+1

ti

q
|f 00(x)|dx
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xmin = t0 < t1  t2 · · ·  tN < tN+1 = xmax
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An excellent guide to 
 step approximation

de Boor, C., Good approximation by splines with variable knots , ISNM Vol.21, 
Spline functions and Approximation Theory, Birkhauser Verlag, Basel, 1973, 57–72. 

We can best approximate a function f by linear 
pieces if we choose the N knots 


so as to make each integral


(approximately) the same for each i. 

xmin = t0 < t1  t2 · · ·  tN < tN+1 = xmax
<latexit sha1_base64="ssHlBzx8QBcelFp2PUkg5qMf7ho="></latexit><latexit sha1_base64="ssHlBzx8QBcelFp2PUkg5qMf7ho="></latexit><latexit sha1_base64="ssHlBzx8QBcelFp2PUkg5qMf7ho="></latexit><latexit sha1_base64="ssHlBzx8QBcelFp2PUkg5qMf7ho="></latexit>

! t i +1

t i

|f
!
(x)|dx
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Solve this equation
de Boor, C., Good approximation by splines with variable knots , ISNM Vol.21, 
Spline functions and Approximation Theory, Birkhauser Verlag, Basel, 1973, 57–72. 

For best-approximating step functions:

xmin = t0 < t1  t2 · · ·  tN < tN+1 = xmax
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Z ti+1

ti

|f ! (x)| dx =
1

N + 1

Z tN+1

t0

|f ! (x)| dx
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For best-approximating piecewise linear functions:
! t i +1

t i

"
|f 00(x)| dx =

1

N + 1

! t N +1

t 0

"
|f 00(x)| dx
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Discrete data
On a discrete data set

f 00(xi) !
f(xi+1) " 2f(xi) + f(xi�1)

h2
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we can to use a version of the second derivative called 
the second-order central difference:

with the same spacing between points of size
h = xi+1 � xi
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(x0, f (x0)) , (x1, f (x1)) , (x2, f (x2)) , . . . , (xM , f (xM ))
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Discrete data
On a discrete data set

we can to use a version of the integral called a sum (!)

with the same spacing between points of size

! b

a
g(s)ds =

M"

i =0

g(xi )h
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h = xi+1 � xi
<latexit sha1_base64="3cTKUkIlnuuSEEdPEgpKU+vqx48="></latexit><latexit sha1_base64="3cTKUkIlnuuSEEdPEgpKU+vqx48="></latexit><latexit sha1_base64="3cTKUkIlnuuSEEdPEgpKU+vqx48="></latexit><latexit sha1_base64="3cTKUkIlnuuSEEdPEgpKU+vqx48="></latexit>

(x0, f (x0)) , (x1, f (x1)) , (x2, f (x2)) , . . . , (xM , f (xM ))
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Putting it together

xmin = t0 < t1  t2 · · ·  tN < tN+1 = xmax
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On a discrete data set

choose the knots 

with the same spacing between points of size
h = xi+1 � xi
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so that for every index i  the value


is the same, where the sum is taken over a subset of 
the data points {x i}  between ti and ti+1 .

! t i +1

t i

"
|f !! (x)| dx !

# "
f (xi +1 ) " 2f (xi ) + f (xi " 1)
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Demonstration: N=2
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Demonstration: N=5



!

!"#

$

$"#

%

%"#

&

!

!"#

$

$"#

%

%"#

&

! $ % & ' # ( ) * + $! $$ $% $& $' $# $( $) $* $+ %! %$ %% %&

,-
./0

12
34

05
66

7.
80

49
6:

;<
=

>3?/63@661A.670B

!"#$%&#'(%)*+',-$./.*.&)0%*'(#1%/2

Demonstration: N=10
See LDC_plots_AAMT.xlsx
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